Lecture 13: Solving integrals by substitution

November 2, 2016 5:31 PM

1
f—dx =In|x| +C
x

(don't forget absolute value)
What about:
1
f dx =In|x + 1|+ C?
x+1

Test: Check the guess by taking its derivative.

(In]x+ 1]+ C) = (njx + 1" + (€)'
1 1 \/ \€

T x+1 - x+1
Why?
x—il is a composition of functions (recall chapter 1):
fe=1,  gd=x+1
then, f(g(x)) = ;Jlj;
write fx i T dx as ff(g(x)) dx

which = ff(g(x)) *g'(x) dx
If (s o t)(x), then by the chain rule:
((sot)(x)) =s'(t()) * t'(x)

eg. (sin(x?))’ = cos(x?) * 2x, where s(x) = sin(x)
t(x) = x?

Guess: the antiderivative of a composition of functions is also a composition of functions. Determine s and t to
make it work.

By the Fundamental Theorem of Calculus, the antiderivative of (f o g)(x) * g'(x) has to have the property that
its derivative is again (f o g)(x) * g’ (x).

Comparei(_g(x)) * g'(x) with s\’(t(x)) * ﬂ(x)
Sett(x) = g(x), f(x) =s"(x) T

the guess for the antiderivative of f(g(x))*g'(x) was s(t(x)). So, we need to find s(x) from s'(x).
—_—

. ] \r\+€qm+\ on
in example:
f ! dx=ff( (x))* "(x)dx with f(x)=1 xX)=x+1

x+1 g g x’ g

Now we know, an antiderivative offf(g(x)) * g'(x) is given by:
(Fog)(x)+C, where F(x) is an antiderivative of f(x)

1
f(x)—;
F(x) =In|x|

(Fog)(x)=Inlx+1|+C

This also works if g’ (x) # 1!
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Example:

fo\/ 1+x2dx  find f, g such that f(g(x)) * g'(x) = 2xy/1 + x?

ifg(x) =1+x2
g'(x) =2x
o) =%

= [Fle@) *g' @ ax
= F(g(x)) +C  where F is an antiderivative of f

2 1
=§(1+x2)2+C

The Substitution Rule
[(60) +g'rax = F(g) + ¢

or
if u = g(x),thenif f is continuous:

ff(g(x)) *g'(x)dx = ff(u) du

by the chain rule: (F(g(x) + C)' = F’(g(x)) * g'(x)
= f(g(®)) * g'(x)

Examples

fSes’%c @fgeu*f?u

Osetu = 5x [e*du

du
=5 ©)=e*+C

du
@?=dx

f\/2x+1dx= VEXASY f\/ﬁ * —du
1 43 2, dx=

_ 1 (u%ﬂ)

ES

+1
3
uz

= +C

1

2
2
3
x

UJI b—kl\JI = N

(2 +1)2+C

We can use this technique for definite integrals as well.

1
f 2x sin(x? + 1) dx f(x) = sin(x)
0

gx) =x%+1
g'(x) =2x
WJA
be C""*"&d“
u=x>+1 1 du 1 et
= |du _ _dul = [ 2xsin(u) *— =f sin(u) du
a = Zx, dx = E 0 /Zﬁ 0

= —cos(1% + 1) — (— cos(0% + 1))

Lectures Page 2



= —cos(2) + cos(1)

Sidenote: if you want to separately calculate the boundaries with respect to u, rather than x:
1) we'vesetu =x%+1
2) ourbounds,aandb, are0and 1
3) so,a=(0)*+1=1and b=(1)*+1=2
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